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Abstract. It is shown by Barchini, Kable, and Zierau that conformally invariant systems of dif- 
ferential operators yield explicit homomorphisms between certain generalized Verma modules. In 
this paper we determine whether or not the homomorphisms arising from such systems of first and 
second order differential operators associated to two-step nilpotent maximal parabolic subalgebras 
of non-Heisenberg type are standard. 
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1. Introduction 

The main work of this paper concerns the homomorphisms between the generalized Verma mod- 
ules arising from conformally invariant systems. A conformally invariant system is a list of differen- 
tial operators that are equivariant under a Lie algebra action. To be more precise, let go be a real 
Lie algebra. A smooth manifold M is said to be a QQ-manifold if there exists a go-homomorphism 
ttm : So - ► C°°(M) © X(M), where X(M) is the space of smooth vector fields on M. Given go- 
manifold M, write ttmPQ = M x ) + n(X) with vr (V) G C°°(M) and tti(X) G X(M). Let 
\ D(V) denote the space of differential operators on a vector bundle V — > M. We say that a vector 

bundle V — > M is a go -bundle if there exists a go-homomorphism 7ry : go — > B(V) so that in B(V) 
[7rv(V), /] = 7Ti(X)«/ for all X G jo and all / G C°°(M), where the dot • denotes the action of the 
ON I differential operator tti(X). We regard any smooth functions / on M as elements in D(V) by identi- 

| fying them with the multiplication operator that they induce. Then, given go-bundle V — > M, a list 

of linearly independent differential operators D±, . . . ,D m G B(V) is called a conformally invariant 
system on V with respect to 7Tv if, for all X G go, it satisfies the bracket identity 



where are smooth functions on M. By extending the go-homomorphisms ttm and 7rv C-linearly, 
the definitions of a go-manifold, go-bundle, and conformally invariant system can be applied equally 
well to the complexified Lie algebra g = go ®k C. 

A systematic study of conformally invariant systems recently started with the work of Barchini- 
Kable-Zierau in [1] and [2], and the study of such systems were continued in [5], [6], [7], and [9]. 

It has been shown in |2j that a conformally invariant system yields a homomorphism between 
certain generalized Verma modules, one of which is non-scalar. A homomorphism between gen- 
eralized Verma modules is called standard if it is induced from the homomorphism between the 
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corresponding (ordinary) Verma modules. (See Section [H) While standard homomorphisms are 
well-understood, the classification of non-standard homomorphisms is still an open problem. 

In [7] we have built a number of systems of first and second order differential operators associated 
to a two-step nilpotent maximal parabolic subalgebra q of non-Heisenberg type. Then, in this paper, 
we determine whether or not the homomorphisms between the generalized Verma modules arising 
from the systems of operators constructed in [7] are standard. 

To describe our work more precisely, we now briefly review the results of f?j. Let G be a complex, 
simple, connected, simply-connected Lie group with Lie algebra g. Give a Z-grading g = ®^ = _ r g(j) 
on g so that q = g(0) © 0j>o S(i) = I © n is a parabolic subalgebra. Let Q = Nc{q) = LN. For a 
real form go of g, define Go to be an analytic subgroup of G with Lie algebra go- Set Qq = NQ (q). 
Our manifold is M = Go/Qo and we consider a line bundle C s — > Go/Qo for each s £ C. By the 
Bruhat theory, the homogeneous space Go/Qo admits an open dense submanifold NqQo/Qo- We 
restrict our bundle to this submanifold. The systems that we construct act on smooth sections of 
the restricted bundle. 

Our systems of operators are constructed from irreducible constituents of the L-module g(— r + 
k) © g(r) for < k < 2r. We call the systems of operators 0/% systems. (We shall describe the 
construction more precisely in Section [2j) The conformal invariance of the fifc systems depends on 
the complex parameter s for the line bundle C s . We then say that an Q,^ system has special value 
sq if the system is conformally invariant on the line bundle C SQ . 

In [7J, we find the special values of the Vt\ system and 0,2 systems associated to a two-step 
nilpotent maximal parabolic subalgebra q of non-Heisenberg type. See Theorem 15.11 and Table 
H] for the special values of these systems. In this paper we classify the homomorphisms ipn k for 
k = 1, 2 between the generalized Verma modules arising from the conformally invariant fifc system(s) 
as standard or non-standard. Our main tool is a well-known result due to Lepowsky (Theorem 
14. 3D . It turns out that the map </?n fc is non-standard if and only if the special value so of an 
system is a positive integer. See Theorem 15.31 for the result for the map . Table [5] summarizes 
the classification for (pn 2 . 

Now we outline the rest of this paper. This paper consists of six sections with this introduction 
and one appendix. In Section 2 we recall from [7] the construction of the fifc systems. We also 
review two-step nilpotent maximal parabolic subalgebras q of non-Heisenberg type in this section. 
Section 3 discusses the relationship between conformally invariant $7/% systems and homomorphisms 
between generalized Verma modules. In Section 4 we first review the general facts on the standard 
homomorphisms. We then specialize such facts to the situation that we concern. 

In Sections 5 and 6, for k = 1,2, we determine whether or not the homomorphisms <pn k arising 
from the 0^ system(s) associated to the maximal parabolic subalgebra q under consideration are 
standard. This is done in four theorems, namely, Theorem 15.31 Theorem 16.51 Theorem 16.61 and 
Theorem 16.381 

Finally, in Appendix [Aj we recall from [7J the miscellaneous useful data for the parabolic subal- 
gebras under consideration. The data will be referred to in several proofs in this paper. 
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2. Preliminaries 

The purpose of this section is to recall from [7J the construction of systems of differential operators 
and facts on two-step nilpotent maximal parabolic subalgebras. 

2.1. A specialzation of the theory. First we recall from Subsection 2.1 in [7] the g-manifold and 
g-bundle that we study in this paper. Let G be a complex, simple, connected, simply-connected 
Lie group with Lie algebra g. Such G contains a maximal connected solvable subgroup B. Write 
b = f) © u for its Lie algebra with f) the Cartan subalgebra and u the nilpotent subalgebra. Let 
q D b be a parabolic subalgebra of g. We define Q = Nc(q), a parabolic subgroup of G. Write 
Q = LN for the Levi decomposition of Q. 

Let go be a real form of g and Go be the analytic subgroup of G with Lie algebra go- Define 
Qo = Ng (q) C Q, and write Qq = LqNq. We will work with Gq/Qq for a class of two-step nilpotent 
maximal parabolic subgroup Qq. 

Next, let A = A(g,h) be the set of roots of g with respect to f). Let A + be the positive 
system attached to b and denote by LT the set of simple roots. We write g^ for the root space for 
a € A. For each subset S C II, let qs be the corresponding standard parabolic subalgebra. Write 
qs = Is © n s with Levi factor l s = h, © © aeAs Qa and nilpotent radical n s = (B aG A+\A s 0°> where 
As = {a G A | a G span(II\S')}. If Qo is a maximal parabolic subgroup then there exists a unique 
simple root a q G IT so that q = q{« q }- Let A q be the fundamental weight of a q . The weight A q 
is orthogonal to any roots a with g a C [i, I]. Hence it exponentiates to a character Xq of L. As 
Xq takes real values on Lq, for s G C, character \ s = \X(\\ S is well-defined on Lq. Let C x « be the 
one-dimensional representation of Lq with character x s ■ The representation x s is extended to a 
representation of Qo by making it trivial on iVo- Then it deduces a line bundle C s on Gq/Qq with 
fiber C x s . 

The group Go acts on the space 

G^°(G /Qo,CV) = {F G C°°(G ,CV) | F(gq) = x s {<r l )F{g) for all q G Q and g G G } 
by left translation. The action ir s of go on C^°(Go/Qo, C x «) arising from this action is given by 

(2-1) (*s(Y)-F)(g) = ±F(exp(-tY)g)\ t=0 

for y G jo- This action is extended C-linearly to g and then naturally to the universal enveloping 
algebra U(q). We use the same symbols for the extended actions. 

Let Nq be the unipotent subgroup opposite to Nq. The natural infinitesimal action of g on the 
image of the restriction map C^(Go/Qo,C x s) — > C°°(Nq,C x s) induced by ()2. 1 j) gives an action of 
g on the whole space G°°(./Vo, C x s). We also denote by ir s the induced action. Observe that we 
have the direct sum g = nffi q. If we write Y = + Y q for the decomposition of Y G g in this direct 
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sum then, for Y G g and / G C°° ( Nq , C x $ ) , the derived action of g on C°°(Nq,C x s) is given by 

(2.2) (n s (Y).f)(n) = ^((Ad^Y),)/^) - (^((Ad^-^y )«)•/) (n), 

where i? is the infinitesimal right translation of g. The line bundle C s — > Gq/Qq restricted to Nq 
is the trivial bundle Nq x C x s — > Ao. By slight abuse of notation, we refer to the trivial bundle 
over Nq as C s . It follows from the observation in Subsection 2.1 in [7J that Nq and C s —> Nq are a 
g-manifold and g-bundle, respectively. 

2.2. The 0,^ systems. In this subsection we briefly recall from Subsection 3.1 of [7J our construc- 
tion of differential operators. For a subspace W of g, we write A(W) = {a G A | Q a C VF} and 
n(W) = A(W) nil. We keep the notation from the previous subsection, unless otherwise specified. 

Let g = ©j- = _ r 0(j) be a Z-grading on g with g(l) ^ 0. For < k < 2r, we define a map 
r fc : g(l) -> g(-r + fc) ® g(r) byl4 ^ad(A) fc a; with u = E 7jG A( (r)) x -7j ® where A 7j 
are root vectors for jj. Here, we mean by &d(X) k uj that X acts on the tensor product diagonally 
via the action ad(-) fc . Take L to be the analytic subgroup of G with Lie algebra g(0), and let W 
be an L-irreducible constituent of g(— r + k) ® g(j)- If ^* i s ^s dual space with respect to the 
Killing form k then there exists an L-intertwining operator ffe|w* G Homi(H /r *, 7- ,fc (g(l))) so that 
f k \w*(Y*)(X) = Y*(T k (X)) for Y* G W*, where P fc (g(l)) is the space of polynomials on g(l) of 
homogeneous degree k. If fk\w* ^ then we call the irreducible constituent W special for r k . § 
Given special constituent W for t/~, we consider the following composition of linear maps: 

(2.3) W* ffc V P fc (g(l)) = Sym fe (g(-1)) A W(n) 4 B(£,) s . 

Here, a : Sym fc (g(— 1)) — > U{n) is the symmetrization operator and H)(£ s ) n is the space of fi-invariant 
differential operators for C s . Let fJfc|w* : W* — > B(£ s ) n be the composition of linear maps, namely, 
^felvF* = R ° <J ° Tk\w* ■ For simplicity we write £lk(Y*) = Qk\w*(Y*) for the differential operator 
arising from Y* G W* . Note that the linear operator : W* — > B(£ s ) n is an Lo-intertwining 

operator (See the observation at the end of Section 3.1 of [7J.) 

Now, given basis {Y*, . . . , Y^} for W*, we have a list of differential operators 

(2.4) D, k (Y*), . . .,U k (Y^). 

We call such a system of operators the system. When the irreducible constituent W* is 

not important, we simply refer each system to an system. We may want to note that f2fc 

systems are independent from the choice for a basis for W* . (See Definition 3.5 of [7J.) 

It is important to notice that it is not necessary for f2fc systems to be conformally invariant; 
their conformal invariance strongly depends on the complex parameter s for the line bundle C s . 
So we say that an fl^ system has special value so if the system is conformally invariant on the 
line bundle C SQ . We shall show the special values of the Qi system and Q2 systems associated 
to two-step nilpotent maximal parabolic subalgebras of non-Heisenberg type in Sections [5] and El 
respectively. 



This definition seems different from Definition 6.7 in [7J, but both definitions are essentially the same. Definition 
6.7 in [7] is a particular case of this definition for tu =t%. 
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2.3. Two-step nilpotent maximal parabolic subalgebras of non-Heisenberg type. In Sec- 
tions [5] and [6l we determine whether or not the homomorphisms arising from the fii system and 

0. 2 systems associated to a two-step nilpotent maximal parabolic subalgebra q of non-Heisenberg 
type are standard. Then, in this section, we recall from Section 4 of [7] such maximal parabolic 
subalgebras q. 

First, we call a maximal parabolic subalgebra q = [©n two-step nilpotent parabolic of non- 
Heisenberg type if its nilradical n satisfies the conditions that [n, [n, n]] = and dim([n, n]) > 1. 
Let a q be a simple root, so that the nilpotent radical n of the parabolic subalgebra q = c\{ aq } = Iffin 
determined by a q satisfies the conditions. Let (•, •) be the inner product induced on f)* corresponding 
to the Killing form k. Write ||a|| 2 = (a, a) for a S A. The coroot of a is a v = 2a/ {a, a). 

Recall from Subsection 2.1 that Aq denotes the fundamental weight for a q . If H\ q S f) is defined 
by k(H,H\ ) = \(H) for all H € f) and if = (2/||aq|| 2 ).ff,\ then as q is a two-step nilpotent 
parabolic, for j3 € A + , (3(Hq) can only take the values of 0, 1, or 2. Therefore, if denotes the 
j-eigenspace of ad(-ffq) then the action of ad(i7 q ) on g induces a 2-grading g = ©, = _ 2 s(i) with 
parabolic subalgebra q = g(0) © g(l) © 0(2), where [ = g(0) and n = g(l) © g(2). The subalgebra 
n, the opposite of n, is given by n = g(— 1) ffi g(— 2). Here we have g(0) = I, g(2) = 3(11) and 
g(— 2) = 3(n), where 3(n) (reps. 3(n)) is the center of n (resp. n). Thus we denote the 2-grading on 
by 

(2.5) = 3(n)©g(-l)ffi[©g(l)©3(n) 
with parabolic subalgebra 

q = Iffig(l) ©3(n). 
Therefore the maps t/% associated to the grading (|2.5p are given by 

(2.6) T k :g(l) -> fl (-2 + A;) ® a(n) 
for < k < 4. 

We next consider the structure of the Levi subalgebra I = 3(f) © [[, [], where 3 (I) is the center of 

1. Observe that 3(1) is one-dimensional. Indeed, we have 3(1) = Haeilf!) ker(a) with n([) = n\{aq}. 
As 1 = g(0), we have a(-Hq) = for all a € A(l). Thus, H q is an element of 3(1), and so we have 
3(0 = CH q . 

To observe the semisimpart [I, I] of I, let 7 be the highest root of g. If g is not of type A n then 
there is exactly one simple root that is not orthogonal to 7. Let a 7 be the unique simple root 
so that q' = q{ Q7 } is the Heisenberg parabolic subalgebra of g; that is, its nilradical n' satisfies 
dim([n',n']) = 1. Hence, if q = c\{ aq } is a two-step nilpotent maximal parabolic subalgebra of 
non-Heisenberg type then 07 is in n([) = n\{a q }. The semisimple part [I, I] is either simple or the 
direct sum of two or three simple ideals with only one simple ideal containing the root space Q aj 
for a~. Given Dynkin type T of g, if we write T(i) for the Lie algebra together with the choice of 
maximal parabolic subalgebra q = (\{ aq } determined by a, then the three simple factors occur only 
when q is of type D n {n — 2). So, if q is not of type D n {n — 2) then there are at most two simple 
factors. In this case we denote by L (resp. l n7 ) the simple ideal of [ that contains (reps, does not 
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contain) Q aj . Thus I may decompose into 

(2.7) [ = CH q © ly © [ n7 . 

Note that when [[, [] is a simple ideal, we have [ n7 = {0}. (See AppendixO) The two-step nilpotent 
maximal parabolic subalgebras q = [ © n of non-Heisenberg type with the decomposition (|2.7p are 
given as follows: 

(2.8) B n (i) (3 < i < n), C n (i) (2 < i < n - 1), £> n (i) (3 < i < n - 3), 
and 

(2.9) E 6 (3), Ee(5), E 7 (2), E 7 (6), E 8 (l), F 4 (4). 

Here, the Bourbaki conventions [3] are used for the labels of the simple roots. Note that, in type A n , 
any maximal parabolic subalgebra is of abelian type, and also that, in type G2, the two maximal 
parabolic subalgebras are either a 3-step or a Heisenberg parabolic subalgebra. 

3. The Q*. systems and generalized Verma modules 

The aim of this section is to show that conformally invariant Qk systems induce non-zero U{q)- 
homomorphisms between certain generalized Verma modules. The main idea is that conformally 
invariant fifc systems yield finite dimensional simple [-submodules of generalized Verma modules, 
on which n acts trivially. 

In general, to describe the relationship between conformally invariant systems and generalized 
Verma modules, we realize generalized Verma modules as the space of smooth distributions sup- 
ported at the identity. However, in our setting that the jj-bundle is a line bundle C s , it is not 
necessary to use such a realization. Thus, in this paper, we are going to describe the relationship 
without using the realization. For the general theory see Sections 3, 5, and 6 of [2]. 

A generalized Verma module M q [VF] := U(g) ®u(q) W is a ^(g)-module that is induced from 
a finite dimensional simple [-module W on which n acts trivially. Observe that if C_ s A q is the 
q-module derived from the Qo- re P resen t a ti° n (x S )C) then the differential operators in H)(£ s ) n can 
be described in terms of elements of Mq[C_ s \ ]. Indeed, by identifying M q [C_ s Aj as U{rC) (3<£- s \ q , 
the map M q [C_ s Aj —> ZY(ft) given by u <8> 1 i-> u is an isomorphism of vector spaces. Then the 
composition 

(3.1) M,[C_ sA J^W(n)4D(£ s ) 5 

is a vector-space isomorphism. 
Define 

M q [W] n = {v G M q [W] I X • v = for all X € n}. 

The following result is the specialization of Theorem 19 in [2] to the present situation. For the 
definitions for straight, homogeneous, Lo-stable conformally invariant systems, see p. 797, p. 804 
and p. 806 of [2]. 
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Theorem 3.2. If D = D 1: ...,D m is a straight, homogeneous, L^-stable conformally invariant 
system on the line bundle C s , and if u)j denotes the element in Uin) that corresponds to Dj for 
j = 1, . . . , m via right differentiation R in \3. 1\) then the space 

F(D) = spanj-jwj <S> 1 | j = 1, • • • , m} 

is an L-submodule o/M q [C_ s ^ ] n . 

Let W be a special constituent of g(— r + k) <g) g(k) for r k . Let cjfc|pp* : W* — > U{n) be the 
linear operator so that uj k \w*{Y*) ls the element in o"(Sym fc (n)) C U(n) that corresponds to the 
differential operator $l k (Y*) = Q, k \w*{Y*) in B(£ s ) n via right differentiation R in (12. 3D , As for 
fl k (Y*), for simplicity, we write uJ k {Y*) = uj k \ w *(Y*). Then, given basis {Y*, . . . ,Y* t } for W*, the 
space F(Qk\w*) for the O^liy* system Ofc|v^* = £l k (Y*), . . . ,VL k (Y^) is given by 

(3.3) F(£l k \ w .) = span c {w fc (y/) ® 1 | j = 1, . . . , m} C M q [C_ sA J. 

Proposition 3.4. Suppose that special constituent W* has highest weight v. 

(1) The space F{Vt k \w) is the simple L-submodule o/Mq[C_ s A q ] with highest weight v — sXq. 

(2) Moreover, if the £l k \w* system is conformally invariant on the line bundle C SQ then F{£l k \w*) 
is a simple L-submodule of M q [C- S0 \ q ] n with highest weight v — soA q . 

Proof. First observe that, by the Lo-equivariance of the operator Ofcliy* : W* — > D(£ s ), for Z G L 
and Y* G W*, we have 

u k {l-Y*) = Ad(l)u k {Y*), 

where the action I ■ Y* is the standard action of L on W*, which is induced from the adjoint action 
of L on W. This shows that L-invariance of F(yi k \w*). To show the irreducibility observe that 
there exists a vector space isomorphism 

that is given by uj k (Y*) (g> 1 1— > Y? 1- It is clear that this vector space isomorphism is L-equivariant 
with respect to the standard action of L on the tensor products F(Q k \w*) C U(n) <g> C-s\ q and 
W* (g) C_ sA . In particular, if W* has highest weight v then .F(Qfc|w*) is the simple L-module with 
highest weight v — sA q . 

Note that, by Remark 3.8 in [7J, if the system is conformally invariant then it is a straight, 

Lo-stable, and homogeneous system. Now the second assertion follows from the first and Theorem 
1331 □ 

Now, if the fifc|w« system is conformally invariant on C SQ then, by Proposition 13.41 F({l k \w*) 
is a simple l-submodule of M q [C_ S0 \ ]) on which n acts trivially. Thus the inclusion map t G 
Hom^(F(r2jt|vi/.), Mq[C_ S0 A q ]) induces a non-zero W(g)-homomorphism 

<pn k G Hom w(B)ji (M q [F(^| w »)],M q [C_ soA J) 

between the generalized Verma modules, that is given by 

(3.5) M q [F(n k \ w *)} M q [C_ soA J 

u (8 (wjfc(y) ®l)^>-u - i{oJ k {Y) ® 1). 
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-s x q then the map in (|3.5p is just the identity map. However, Proposition [3J3] 
below shows that it does not happen. 

Proposition 3.6. If the £lk\w* system is conformally invariant on the line bundle C SQ then 
F(Q k \w*) / C- so x q . 

Proof. Observe that if v is the highest weight for W* then F(Jl)-\w*) has highest weight v — s$\ q . 
If FtQfrlw*) = C_ so \ then v = 0, and so the irreducible constituent W C g(— r + fc) ® fl(r) would 
also have highest weight 0. As 7 is the highest weight for g(r), the highest weight of any irreducible 
constituent of g(— r + fc) ® g(r) is of the form 7 + 77 with 77 some weight for g(— r + fe). Thus, the 
highest weight for W must be of the form = 7 + (—7). However, —7 cannot be a weight for 
fl(— r + /c) for any = 1, . . . , 2r, since only g(—r) has weight —7. Therefore F{VLk\w* ) 7^ C_ S0 A q . □ 

Corollary 3.7. T/ie generalized Verma module Mq[C- SQ \ ] is reducible. 

Proof. This immediately follows from (|3.5p and Proposition 13.61 □ 

The goal of this paper is to determine whether or not the maps ipci k are standard in the non- 
Heisenberg setting. To do so, it is convenient to parametrize generalized Verma modules by their 
infinitesimal characters. Therefore, for the rest of this paper, we write 

M q [F(Q k \ w ,)} = M q (u - s X q + p) 

and 

M q [C_ soA J =M £) (-s A q + p), 
where p is half the sum of the positive roots. Then (|3.5p is expressed by 

(3.8) M q (u - s A q + p) M q (-s \ q + p) 

U ® V I-)- u ■ i(v) 

with v = ojk(Y*) ® 1. 

4. The standard map between generalized Verma modules 

The aim of this sections is to discuss standard maps between generalized Verma modules and 
homomorphisms between (ordinary) Verma modules. 

We start with recalling the notion of standard maps. For 77 £ fj*, let M(t?) be the (ordinary) 
Verma module with infinitesimal character \r)- Write 

P+ = {( e f)* I (C, a v ) G 1 + Z> for all a G n([)}. 

For 77, C G P^~, suppose that there exists a non-zero ^/(g)-homomorphism ip : M(t/) — > M(C). If 
^(77) is the kernel of the canonical projection map pr^ : M{rf) — > M q {rf) then, by Proposition 3.1 
in [ID], we have tp(K(r])) C K {C). Thus the map ip induces a W(g)-homomorphism (p st( i : M q (n) — > 



HOMOMORPHISMS BETWEEN GENERALIZED VERMA MODULES 



9 



MJQ so that the diagram 



M(rj)—^M(C) 



pr. 



M q fa)-^M q (C) 

commutes. The map <fstd is called the standard map from Mnirf) to MJQ- These maps were first 
studied by Lepowsky ([TO]). As dimHom W ( g )(M(r/), M(Q) < 1, the standard maps (p st d are uniquely 
determined up to scalar multiples. Note that the standard maps <$ s td could be zero and also that 
not every homomorphism between generalized Verma modules is standard. Any homomorphisms 
that are not standard are called non-standard maps. 

If v = — (1 — so)a q in (|3.8p with 1 — sq G 1 + Z>o then one can show that the standard map (fstd 
from M q (— (1 — so)a q — soAq + p) to M q (— soA q + p) is non-zero by computing (p s td(l ® v + ), where 
1 Cg> v + is a highest weight vector of M q (— (1 — so)a q — s$\ + p) with weight —(1 — so)a q — so-V 
To prove it, we will use the following well-known result. (See for example [U Proposition 1.4].) 

Proposition 4.1. Given A € f)* and a G II, suppose that n = (A + p, a v ) € 1 + Z>q. If 1 <g> v + is 
a highest weight vector of weight A in M(A + p) then X™ a ■ (1 (g> v + ) is a highest weight vector of 
weight —na + A. 

Observe that, since M q (V - s A q + p) = U(g) <8>u(q) F (^k\w*) and M q (-s A q + p) =U(q) ®u(<\) 
C_ soA , if U/j and l-soAq are highest weight vectors for F{VL]~\w*) and C_ soA , respectively, then 
1 (g> Vh and 1 <g> l- So Aq are highest weight vectors for M q (V — soA q + p) with highest weight v — s A q 
and for M q (— soA q + p) with highest weight — soA q , respectively. 

Proposition 4.2. If \ — sq £ 1 + Z>o i/ien t/ie standard map tp s td from M q (— (1 — so)a q — soA q + P) 
to M q (— soA q + p) maps 

\®v h ^ cx]r a s ° ® i_ soAq ^ o 

/or some non-zero constant c. In particular, the standard map ip s td is non-zero. 

Proof. Write n = 1 — sq and denote by l®l_ naq - So \ q a highest weight vector for M(— na q — soA q +/?) 
with highest weight — na q — soA q . Observe that since (A q , o.q) = (p, Oq) = 1, we have n = 1 — sq = 
(—soA q + p, Qq). Hence — na q — soA q + p = s Qq (— soA q + p). By hypothesis, we have n = 1 — so € 
1+Z>q. It then follows from Proposition ^. ll that the map 99 : M q (— na q — soA q +p) — > Af q (— soA q +/?) 
is given by 

^(l®l_ nQq _ SoAq ) = cX" aq ®1 

with c / 0. As a q € n\LI([), if pr_ S()A(i+p : M(— soA q + p) — >• M q (— soA q + p) is the canonical 
projection map then pr_ SoA[i+p (A A ™ Qi] <g>l) ^ 0. Then the universal property of M q (— na q — soA q + p) 
in the relative category O q (see for example Section 9.4 in [I]) guarantees that pr_ soA +p o<p factors 
through a non-zero map ip st d '■ M q (— na q — soA q + p) — > M q (— soA q + p). □ 
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In order to determine if ip s td is non-zero in a more general setting, we will use the following 
theorem by Lepowski. As usual, if there is a non-zero ^(g)-homomorphism from M(rj) into M(£) 
then we write M(rj) C M((). 

Theorem 4.3. [10, Proposition 3.3] Let rj, ( £ Pj 1 ", and assume that M{n) C M{Q. Then the 
standard map (p s td from Mq(rj) to M q {Q is zero if and only if M{n) C M(s a Q for some a € n(l). 

Theorem 14.31 reduces the existence problem of the non-zero standard map ip s td between gen- 
eralized Verma modules to that of the non-zero map between appropriate Verma modules. It is 
well known when a non-zero Z//(g)-homomorphism between Verma modules exists. To describe the 
condition efficiently, we first introduce the definition of a link of two weights. 

Definition 4.4. (Bernstain-Gelfand-Gelfand) Let X,S € f)* and /3i,...,/3j € A + . Set So = S and 
$i = Sfc ■ ■ ■ SfaS for 1 < i < t. We say that the sequence (/3i, . . . , (3 t ) links 5 to X if 

(1) St = X and 

(2) (S^pV) €Z> forl<i<t. 

Theorem 4.5. (BGG-Verma) Let A, S € f)*. The following conditions are equivalent: 

(1) M(A) C M(5) 

(2) L(X) is a composition factor of M(S) 

(3) There exists a sequence {fix, . . . , fy) with € A + that links S to A, 
where L{X) is the unique irreducible quotient of M(X). 

Observe that if there is a non-zero ^(g)-homomorphism (not necessarily standard) from MJrj) 
to Mq(£) then M{rj) C M{Q. By taking into account Theorem 14.51 and this observation, in our 
setting, Theorem 14.31 is equivalent to the following proposition. 

Proposition 4.6. Let MAv — sqX^ + p) and M q (— soA q + p) be the generalized Verma modules in 
\3.8\) . Then the standard map from Ma{v — sqX^ + p) to M q (— soA q + p) is zero if and only if there 
exists a 6 II([) so that —a — sqX^ + p is linked to v — soA q + p. 

Proof. First observe that since there exists a non-zero W(g)-homomorphism (pci k from M q (i/ — soA q + 
p) to M q (— soAq + p), we have M(u — sqXq + p) C M(— soA q + p). Therefore, by Theorem 14.31 and 
Theorem 14.51 the standard map from M q (v — soA q + p) to M q {— soX q + p) is zero if and only if there 
exists a G II([) so that s a {— soA q + p) is linked to v — s§X q + p. As (A q , a v ) = and (p, a v ) = 1 for 
a € II([), we have s a {— soA q + p) = —a — soA q + p. Now this proposition follows. □ 

With Proposition 14.61 in hand, in the next two sections, we shall determine whether or not the 
homomorphisms (pn k that arise from the 0^ system(s) for k = 1,2 constructed in [7] are standard. 

5. The homomorphism ipn 1 induced by the ftx system 

In this section we show that the homomorphism arising from the Oi system associated 
to a two-step nilpotent maximal parabolic subalgebra q of non-Heisenberg type is standard. For 
each a S A + , we define {X a , X_ a , H a } as an s[(2)-triple; in particular, we have [X a , A_ Q ] = H a . 
For a, (3 € A with a + (3 G A, we write a constant N a p for [X a , Xr\ = N a pX a+ R. Recall from 
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Subsection 2.2 that an irreducible constituent W of g(— r + k) <g> g(r) is called special for if 
h\w* ^ 0. 

It follows from (12. 6h that the f2i system is constructed from the map t\ : g(l) — > fl(— 1) <S> 3(n) 
with X h-> ad(X)w, where u = S«yeA(3(n)) -^—n ® -^7j- m Section 5 of [7], it is shown that 
irreducible constituent W of §(—1) <8> 3(1%) is special if and only if = g(l) and also that there 
is only unique such constituent. Via the composition of maps in (j2.3|) . the Qi system is given by 
R(X^ ai ),...,R(X- a J for A(g(l)) = {a u . . . ,a m }. 

Theorem 5.1. [7\ Theorem 5.7] Let q be a complex simple Lie algebra, and let q be a maximal 
two-step nilpotent parabolic subalgebra of non-Heisenberg type. Then the Qi system is conformally 
invariant on C s if and only if s = 0. 

It follows from Proposition 13.41 and Theorem 15.11 that the £li system yields a finite dimensional 
simple l-submodule F(fii) in (W(g) <8> w(q) C ) n = M q (p) n . If 

a q is the simple root that determines 
the maximal parabolic subalgebra q then, as it is the lowest weight for g(l), W* = g(— 1) has 
highest weight — a q . Thus, by Proposition 13.44 the simple l-module F(Q\) has highest weight 
v ~ s o\ = ~~ a q- Now, by (|3,8p . the inclusion map F(Qi) <— > M q (p) induces a non-zero U(q)- 
homomorphism 

ipm ■ M q (-a q + p) -»• M q (p). 

Proposition 5.2. If q is a two-step nilpotent maximal parabolic subalgebra of non-Heisenberg type 
then the standard map ip s td from M q (—a q + p) to M q (p) is non-zero. Moreover, there exists c ^ 
so that cp st d(l <8> v h ) = cX_ aq 1 . 

Proof. This follows from Proposition 14.21 with so = 0. □ 

Theorem 5.3. If q is a two-step nilpotent maximal parabolic subalgebra of non-Heisenberg type 
then the map cpQ 1 is standard. 

Proof. Since v^iU ® = 1 • = v^, to prove that (p^ is standard, by Proposition 15.21 it 
suffices to show that Vh = cX_ aq ® lo with some non-zero constant c. To do so, as Vh is a highest 
weight vector for F(£li), we show that X- a ® \$ is a highest weight vector for Since 
the Qi system is R(X- ai ), . . . ,R(X- am ) for A(g(l)) = {ax, . . . ,a m }, it is clear that the elements 
wi(X_ a .) € a^Sym^n)) = n that correspond to R(X- a .) under R are 0Ji(X^ a .) = X- aj . Then it 
follows from (|3.3p that 

F(Oi) = span c {X_ Q ® 1 | a £ A( (l))}. 
Therefore X_ Q , q ® lo is a highest weight vector for F(Qi). □ 

6. The homomorphisms ipn 2 induced by the fl 2 systems 

The aim of this section is to determine whether or not the homomorphisms (pci 2 that are induced 
by the systems associated to a two-step nilpotent maximal parabolic subalgebra q listed in (12.81) 
and (|2.9p are standard. 
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The 0,2 systems are constructed from the map T2 : g(l) —> t <2> 3 (tx) with X 1— > ^ad(X) 2 uj. Observe 
that if V(y) is a special constituent of g(0) ©3(n) = l<g>3(n) with highest weight v then, as V(y)* 
is embedded into P 2 (g(l)) = Sym 2 (g(l))* C g(l)* ® g(l)*, we have V(i/) *— >■ g(l) ® g(l). Thus the 
highest weight v is of the form fj, + e, where is the highest weight for g(l) and e is some weight 
for g(l). Recall from (|2.7p that we have [ = CH q © l 7 © ( n7 . Thus the tensor product [ © ^(n) may 
be written as I<8>3(ti) = (CfZq (2) 3 (n)) © (J 7 ©3(n)) © (tn 7 <8>3(n)). It is shown in that, for q under 
consideration in (|2.8p and (|2.9p . there are exactly one or two special constituents of [©^(n); one is 
an irreducible constituent of t 7 ©3(n) and the other is equal to [„ 7 ©3(n). We denote by V(/j, + e 7 ) 
and V(fjL+e n7 ) the special constituents so that V(// + e 7 ) C ( 7 <8>3(n) and V(/z + e n7 ) = tn 7 ©3(n)- We 
summarize the data on the special constituents in Table [Hand Table [2] below. We use the standard 
realizations for the roots for the classical algebras, while the Bourbaki conventions [3] are used for 
the exceptional algebras for the labels of the simple roots. A dash in the column for V(p + e n7 ) 
indicates that [ n7 = {0} for the case. (So there is no special constituent V((J, + e n7 ).) 

Table 1. Highest Weights for Special Constituents (Classical Cases) 



Type 




y(/x + e 7 ) 


V(n + e„ 7 ) 


B n (i), 3 < i < n — 


2 


2ei 


£1 + ^2 + £j+l + £i+2 


B„.(n - 1) 




2£i 


£l + £2 + £n 


B n (n) 




2e l 




C n (i), 2<i<n- 


1 


£1 + £2 


2ei + 2£ 4+1 


D n (i), 3 < i < n — 


3 


2ei 


£1 + £2 + £j+l + e «+2 



Table 2. Highest Weights for Special Constituents (Exceptional Cases) 



Type ^(/x + e 7 ) 

Eq(3) a.% + 2a2 + 203 + 4a 4 + 3as + 2a6 

^6(5) 2ai + 2a2 + 3a3 + 4a 4 + 2qs + a6 

£7(2) 2ai + 2a 2 + 4a 3 + 5a 4 + 4a 5 + 3a 6 + 2a 7 
Ej(6) 2a\ + 3«2 + 4«3 + 6a 4 + 4a5 + 2«6 + 07 
^(l) 2ai + 4«2 + 5«3 + 8a 4 + 7as + 6a6 + 4«7 + 2as 

F 4 (4) 2ai + 4a 2 + 6a 3 + 2a 4 

Type Vjjj, + e ra7 ) 

Eq(3) 2ol\ + 2«2 + 2a 3 + 3a 4 + 2as + 

Eq(5) ax + 2a2 + 2a 3 + 3a 4 + 2as + 2a§ 

E 7 {2) 

Ef(6) 2a\ + 2a2 + 3e*3 + 4a 4 + 3as + 2a§ + 207 
E 8 (l) 

£4(4) - 



Definition 6.1. |7[ Definition 6.20] Lei \x be the highest weight for g(l), and let e = e 7 or e n7 . VKe 
say that a special constituent V(fj, + e) is 0/ 

(1) type la if (j, + e is not a root with e^ju and both [i and e are long roots, 

(2) type lb if /x + e is not a root u>i£/i and either n or e is a short root, 

(3) fa/pe 2 if fx + e = 2fj, is not a root, or 
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(4) type 3 if pi + e is a root. 

Table [3] below shows the types of special constituents for each maximal parabolic subalgebra q. 
In [7] the special values for the type la and type 2 cases are determined. 

Table 3. Types of Special Constituents 



Type 




F(/x + e 7 ) 


V(n + e„ 7 ) 


B n (i), 3 < i < n — 


2 


Type la 


Type la 


B n (n - 1) 




Type la 


Type lb 


B n (n) 




Type 2 




C n (i), 2<i<n- 


1 


Type 3 


Type 2 


D n (i), 3 < i < n — 


3 


Type la 


Type la 


E 6 (3) 




Type la 


Type la 


£ 6 (5) 




Type la 


Type la 


E 7 (2) 




Type la 




E 7 (6) 




Type la 


Type la 


Es(X) 




Type la 




F 4 (4) 




Type 2 





For ^ + e = ^ + e 7 or// + e n7 , we write 

A M+e (fj(l)) = {a G A( (l)) | n + e - a G A(g(l))}. 
We denote by |A M + e (g(l))| the number of elements in A M+e (g(l)). 

Theorem 6.2. [3 Theorem 7.16, Corollary 7.23] Suppose that V(/i + e) is a special constituent of 
type la or type 2. 

(1) IfV(fx + e) is of type la then the ^Iw^+e)* s U s t em is conformally invariant on C s if and 
only if 

]A M+£ (g(l))[ 
2 

(2) IfV(fi + e) is o/ iype <? t/ien t/ie ^2|v(/i+e)* system is conformally invariant on C s if and 
only if 

s = -1. 

Let Aj be the fundamental weight for the simple root cti that determines the maximal parabolic 
subalgebra q. Table|4]below summarizes the line bundles C s = C(s\i) on which the systems are 
conformally invariant. When q is of type B n (n — 1), the constituent V(/j, + e„ 7 ) is of type lb, and 
when q is of type C n (i), the constituent V(/jl + e 7 ) is of type 3. Therefore, a question mark is put 
for these cases in the table. 

Now, with the results in hand, we determine the standardness of tpn 2 - Observe from Table [3] and 
Table H] that each f^ly^+e)* system satisfies exactly one of the following: 

(1) The special constituent V(/jl + e) is of type 2. 

(2) The special value sq is a positive integer. 

(3) The parabolic subalgebra q is of type B n (i) for 3 < i < n — 1 and V(/i + e) = V(fi + e 7 ). 
We shall consider these three cases separately. 
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Table 4. Line bundles with special values 



Parabolic q 






B n (i),3 <i<n-2 


C{(n-i-^Xi) 


£(A<) 


B n {n - 1) 




? 


B n {n) 


C(-Xn) 


— 


C n (i),2 <i<n-l 


? 


C{-Xi) 


D n (i),3 < i < n — 3 


£((n-i-l)Ai) 




E 6 (3) 


£(A 3 ) 




^(5) 


£(Ab) 


C{2X b ) 


E 7 (2) 


-C(2A 2 ) 




E 7 (6) 


£(A 6 ) 


£(3A 6 ) 


Es(l) 


-C(3A0 




F 4 (4) 


£(-A 4 ) 





6.1. The type 2 case. We first study the homomorphism attached to the special constituent 
V(fi + e) of type 2. By Table El we consider the following three cases: 

V(/jl + e 7 ) for B n (n), V(/J, + e„ 7 ) for C n {i){2 <i<n-l), and V{fi + e 7 ) for F 4 (4). 

If V{p+e) is a type 2 special constituent then, by definition, V(fi+e) = V(2p). Thus, as p, and a q 
are the highest and lowest weights for respectively, we have V(p + e)* = V(2p)* = V(— 2a q ). 
Therefore v in (|3.8p is ^ = — 2a q . Moreover, by Theorem 16.21 the ^2|y(2^)* system is conformally 
invariant on the line bundle C{— A q ). Thus so = — 1- Therefore it follows from (j3.8j) that we have 

<pn 2 : M q (-2a q + A q + p) -> M q (A q + p). 

Proposition 6.3. 7/q is i/ie two-step nilpotent maximal parabolic subalgebra of type B n (n), C n (i) 
for 2 < i < n — 1, or -F 4 (4) then the standard map <p s td from M q (— 2a q + A q + p) to M q (A q + p) is 
non-zero. Moreover, there exists c ^ so that <^ s td{^ ® ^/i) = c ^-a q ® lA q - 

Proof. This follows from Proposition 14. 21 with sq = — 1. □ 

In Section 7.3 of [7], it is observed that if Y,* is a lowest weight vector for V(2p)* then the 
differential operator f^^*) is of the form 

n 2 (y,*) = ai?(x_ M ) 2 , 

for some constant a. Therefore, the element ^(Yj*) in cr(Sym 2 (n)) C U{n) that corresponds to 
n 2 (Y l *) under R in ([13]) is of the form 

(6.4) u 2 {YC) = aX%. 

Thus the simple [-submodule F(ft2\v(2^)*) of M q (A q + p) n = (U(g) (£>u(q) Ca,)" has lowest weight 

Theorem 6.5. Let q be a two-step nilpotent maximal parabolic subalgebra of non-Heisenberg type, 
listed in \2. 8\) or \2.9\) . If the special constituent V(p + e) is of type 2 then the map (fn 2 is standard. 

Proof. In order to prove that <^q 2 is standard, by Proposition ^. 31 it suffices to show that X 2 _ a ^ ® 1a,, 
is a highest weight vector for F '(^2|y (2fi)*) ■ Since -FX^2|y(2^)* ) nas highest weight v — soA q = 
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— 2a q + Aq, it is enough to show that X_ a <g> l Aq is in F(Cl2 |y(2/x)*)- We know that a lowest weight 
vector for F(Q2\v(2n)* ) 1S -^-^ ® • This will allow us to show that X^_ a (g> l Aq is in F(fi2|y(2^)*)- 
We do so in a case-by-case manner. Since the arguments are similar for each case, we show only the 
case V(p + e 7 ) for B n {n). (For the other cases see Section 8.3 in [8].) In the standard realization 
of the roots we have p = e±, a q = a n = e n , and 

A+(l) = {£j-£ k I 1 <j< k<n} 

(see Appendix [A]). Thus, 

X 2 ^ <g> l Aq = X 2 _ £l <g> l An and X 2 _ aq ® l Aq = X 2 ^ l An . 

A direct computation shows that 

X 2 , ■ (X 2 F ® 1 A ) = 2iV F 2 . F X 2 <g> 1 A . 

Therefore, as X £1 _ £n € t, we have X 2 a ^ ® l Aq = X 2 _ £n ® l An G F(O 2 | y(2At )0- D 

6.2. The positive integer special value case. Next we handle the case that the special value 
so is a positive integer. 

Theorem 6.6. Let q be a two-step nilpotent maximal parabolic subalgebra of non-Heisenberg type, 
listed in \2. 8\) or A2.9\) . If the special value so is a positive integer then the standard map from 
Mq{y — soAq + p) to Mq(— soAq + p) is zero. Consequently, the map (pn 2 is non-standard. 

Proof. By Proposition 14. 6[ to show that the standard map is zero, it suffices to show that there 
exists q G n(l) so that —a — soA q + p is linked to v — s§\ + p. We achieve it by a case-by-case 
observation. By Tabled! the following are the cases under consideration: 

(1) V(p + e„ 7 ) for B n (i) (3 < i < n - 2) 

(2) V(p + e 7 ) and V{p + e„ 7 ) for D n {i) (3 < % < n - 3) 

(3) V{p + e 7 ) and V{p + e„ 7 ) for £ 6 (3) 

(4) V(p + e 7 ) and V{p + e„ 7 ) for E 6 {5) 

(5) V(p + e 7 ) for E 7 (2) 

(6) y(/i + e 7 ) and F(p + e„ 7 ) for £7(6) 

(7) y(/i + e 7 ) for E 8 (l) 

Our strategy is to first observe that the highest weight v for V(p + e)* is of the form 

v = -2(3 -a' - a" 

for some /3 € A(cj(l)) and a' , a" € n([). We then show that the sequence (a', /3) links — a" — soX q +p 
to (— 2/3 — a' — a") — soAq+p. Here we only show three cases, namely, y(p+e n7 ) for B n (i), V{p + e 1 ) 
for D n (i) (3 < i < n — 3), and V"(/i + e 7 ) for Eq(3). Other cases may be shown similar to one of 
the three cases. (For some details for the other cases see Section 8.3 in [8].) 

1. V(p + e ra7 ) for B n (i) for 3 < i < n — 2: Since, by Table (U the special value so is so = 1, we 
wish to show that there is a 6 LT([) so that —a — Aj + p is linked to u — \ + p. First we find the 
highest weight v for V"(^ + e„ 7 )*. Observe that we have A + ([) = A+(t 7 ) U A + ([„ 7 ) with 

A+([ 7 ) = { £j -£ k I 1 <j < k <i} 



16 



TOSHIHISA KUBO 



and 

A + (l„ 7 ) ={e j ±e k \i + l<j<k<n}U{e j \i + l<j<n} 
in the standard realization of the roots (see Appendix [A}. Since 

A( 3 (n)) = { £j + e k | 1 <j < k < i}, 

the simple [-module 3 (n) has lowest weight £j_i+£j. As V(p+e n7 ) = in-y^in), we have V(/i+e ni )* = 
'717 ® 3 ( n )* = ^7® 3 (ft)*- Since [„ 7 has highest weight Ej+i + £j + 2, this shows that the highest weight 
v for V(p + e n7 )* is 

V = (e i+ i + £ i+2 ) - {Si-i + £j) = -£j_l - £i + £j+l + £i+2- 

We have 

— £j_i — £j + £j+i + £j+2 = — 2(£j — £j+l) — {Si-1 — £i) — (£j+l — £1+2) 

with £j — £j + i € A(g(l)) and £j_i — £j, £j + i — £j + 2 £ n([) (see Appendix |A|) . Now we claim that 

(£j_l - Ei, £j - £j+l) links -{£i+\ - e i+2 ) -\i + ptO -2(£j - £ i+1 ) - (£j_l - £j) - (£ i+ i - £ i+2 ) -Xi + p. 

This is to show that 

Se t -e l+1 Se i - 1 -£ i {—{£i+l ~ £1+2) ~ K + p) = ~ 2(£j — £j+l) — (£j-l — £j) — (£j+l — £1+2) — \ + p 
with 

(-(£i+l - £j+2) - Xi+p, (£i-l - £j) V ) e Z> 

and 

(s £i _i-£i(-(£i+l - £4+2) - Xi + p), (ej - £j+i) v ) € Z> . 
(See Definition 14.41 ) As £j_i — £j € n([), we have (A,, (£j_i — £?,) v ) = 0. Since {p, (£j_i — £?,) v ) = 1, 
it follows that 

(-(£i+l - £j+2) - Xi+p, (£j_i - £j) V ) = 1 G Z> . 

Thus, 

s £i _ 1 - £i (-(Ei + i - £2+2) - Xi + p) = -(Ei-i - Ei) - (e i+ i - e i+2 ) - Xi + p. 
Next, as £j — £j + i is the simple root that determines the parabolic q, we have (Aj, (£j — £j + i) v ) = 1. 
Since (p, (ei — £j + i) v ) = 1, it follows that 

(s e< _ x - ei (-(£i+i - e i+2 ) - Xi + p), (si - £ i+ i) v ) 

= ( — (Ej-l — £j) — (Ei+i — Ei+2) — Xi + p, (£j — £j + i) V ) 
= 2 G Z> . 

Therefore, 

s ei _ £i+1 s £i _ 1 _ £i (-(£ i+1 - £ i+2 ) - Ai + p) 

= • s e i -e i+ i( — ( £ i-l — e i) ~ [ e i+l ~ e i+2) ~ Xi + p) 

= — 2(£j — Ei+l) — (Sj-1 — £j) — (Si+l — £1+2) — Aj + p. 

2. V(p + e 7 ) for D n (i) for 3 < i < n — 3: Since, by Tabled! the special value so is so = n — i — lj 
we want to show that there is a € n([) so that —a — (n — i — 1) Aj + p is linked to v — (n — i — 1) Aj + p. 
By Table [U we have p + e 7 = 2ei. Observe that if aj = Ej — £j+i and Wj = s ai s a2 ■ ■ ■ s aj for 
1 < j < z — 1 then the longest element wq of the Weyl group of type Aj_i may be expressed as 
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wo = Wi-\Wi-2 • • • w\- It is shown in Section 6 of [7] that V(/jl + e 7 ) is an [ 7 -submodule of Ly ®$(n). 
Since Ly is of type -Aj-i (see Appendix[A]), the highest weight v for V(p + e 7 )* is then given by 

v = -wq(2e\) = -2ei. 

We have 

—2ei = — 2(£j — e„_i) — (e n -i — En) — {e n -i + £n) 
with Ei — e n _i € A(g(l)) and e n _i — e n , e n _i + e n € II([). Then a direct computation shows that 
(e n _i - e„,£i - £ n -i) links -(e n -l + £n) - (n - i - l)Aj + p to -2e» - (n - i - l)Aj + p. 

3. V(^u + e 7 ) for £^(3): Since, by Table HI the special value so is = 1, we want to show that 
there is a E II([) so that —a — A3 + p is linked to v — A3 + p. By Table [2j we have 

p + e 7 = Qi + 2«2 + 2«3 + 4«4 + 3a5 + 1a§. 

As V(/x + e 7 ) is a simple [ 7 -submodule of Ly <g> 3(n), if u?o is the longest element of the Weyl group 
of [ 7 then, by using Li E, the highest weight v for V(p + e 7 )* is given by 

v = —wo(ai + 2a2 + 203 + 4o4 + 305 + 2oe) 
= — 2ct3 — a\ — 04 

with 03 € A(g(l)) and a\, 04 € II([). Now a direct computation shows that (04,03) links —04 — 
A 3 + p to (-2o 3 - Q,\ - o 4 ) - A3 + p. □ 

6.3. The V(p + e 7 ) case for B n (i) for 3 < i < n — 1. Now we consider the case V{p + e 7 ) for 
B n (i) for 3 < i < 71 — 1. By Table [H the special value so is so = n — i — (1/2) for 1 < i < n — 1. 
(Note that when i = n — 1, we have so = 1/2 = n — (n — 1) — (1/2)). By the same argument used 
for the case V(p + e 7 ) of D n (i) in the proof of Theorem 16.61 the highest weight v for V(p + e 7 )* is 
v = —2Ei. Therefore, we have 

(6.7) <pn 2 : M q (-2e, - (n - i - (1/2))A* + p) M q (-(n - i - (l/2))Aj + p). 

We first show that the standard map <y9 si ^ is non-zero. If j3 = ^ agn m a a € ^aen ^ a then we 
say that \m a \ are the multiplicities of o in (3. 

Proposition 6.8. Ifc\ is the two-step nilpotent maximal parabolic subalgebra of type B n (i) with 3 < 
i < n—1 then the standard map tp s td from Mq(—2Ei — (n—i—(l/2))\i+p) to Mq(— (n— i— (l/2))Ai+p) 
is non-zero. 

Proof. By Proposition 14. 6| to prove this proposition, it suffices to show that there is no o £ II([) 
so that — o — (n — i — (1/2)) X L + p is linked to — 2Ei — (n — i — (1/2)) \ + p. For simplicity we write 

5{i) = -{n-i-(l/2))\ l +p. 

Since e, = X^?=i a j with Oj simple roots in the standard numbering, we want to show that there 
is no o 6 LI([) so that — o + <5(i) is linked to — 2Ei + 5(i) = —2 Y^j=% a j + ^CO- Suppose that such 
a' G II([) exists. Let (/3i, . . . , /3 m ) be a link from —a' + 5(i) to —2 X^j=i a i + ^W- Without loss of 
generality, we assume that for all j = 1, . . . , m, 
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(If j = 1 then set sp = e, the identity.) By the property (2) in Definition 14.41 this means that we 
assume that 

(6.9) ( Sft ._ 1 --- S/ 3 1 (-c/ + 5(i)),/3/) £l + Z>o 

for all j = 1, . . . , m. Observe that it follows from the property (2) in Definition 14.41 that any weight 
linked from —a' + 5{i) is of the from 

(6.10) (— n a«) — a' + 5{i) with n a £ Z> . 

aen 

We have A+ = A+(Q U A(g(l)) U A(j(n)), where A+([), A(g(l)), and A(a(n)) are the sets of the 
positive roots in which at has multiplicity zero, one, and two, respectively. As (/3i, . . . , f3 m ) is a 
link from —a' + 5{i) to —2 Y^Jj=i a j + we have 

n 

(6.11) sp m ■ ■ ■ s 01 (-a' + 6(i)) = -2^2 a, + 6(i). 

j=i 

If f3j € A + ([) for all j then we would have 

n 

~ 2 ^2 a j + = s Pm ■■■ sp^-a' + 5{i)) = (- ^2 k a a)-a' + 6(i) 
j=i aen(i) 

for some k a G Z>q. This implies that 

rt 

(6.12) - 2oi - 2 ^2 aj = (- ^ /c q q) - a'. 

j=i+i aen(i) 

This is absurd, because, as II([) = II\{aj} and a' € II([), the simple root on does not contribute 
to the right hand side of (|6.12p . Thus, there must exist at least one (3j in (/3i, . . . , (3 m ) with 
/3 i GA( (l))uA( 3 (n)). 

Now we show that any [3j in (/3 1; . . . ,/3 m ) cannot belong to A(g(l)) U A(j(n)). First, suppose 
that there exists j3 r in (/3i, . . . , f3 m ) with j3 r € A(3(n)). Observe that A(j(n)) consists of the positive 
roots £j + £fe for 1 < j < k < i (see Appendix So (3 r is /3 r = e s + e t for some 1 < s < t < i. 
Since each £/ = Y^j=i a j with aj simple roots, the positive root j3 r = e s + St with 1 < s < t < i can 
be expressed as 

t-l n 

f3 r = e s + e t = y^ctj + 2^ aj. 

j=s j=t 

If c= (s /3r _ 1 ---s /3l (-a / + <5(i)),/3 r v } then 

s/3 r • • • + 5(0) = s /3 r _i • • • Sft(-a' + 5(i)) - c/3 r 

t-l n 

(6.13) = •••s /3l (-a' + 5(i)) - c( ay + 2^ ay) . 

Observe that, by (|6.1U|) . s | g r _ 1 • • • s | g 1 (— a' + 5(i)) is of the form 

(6.14) s / 9 r _ 1 • • • s ft (-a' + 5(i)) = (- ^ m Q a) - a' + 



HOMOMORPHISMS BETWEEN GENERALIZED VERMA MODULES 



19 



for some m a € Z>o- Moreover, as sp m ■ ■ ■ s | g 1 (— a' + 5(i)) is a weight linked from sp r • • • sp x (—a' + 
5(i)), the weight sp m ■ ■ ■ sp 1 (— a' + 5(i)) is of the form 

(6.15) s Pm --- s Pl {-a + 5{i)) = (- m' a a) s ft (-a + <5(i)) 

for some € Z>q. By combining (|6.13|) . (|6.14|) . and (|6.15p . we have 
S/J m ■■■s Pl {-a' + 8{i)) 

= (- m a a ) + S A- ■ ■ ■ s /3i(-«' + <*(*)) 

t-l n 

= (-^ m « a ) + s ' 9 --i'" s ' 9 i(~ a/ + 5 ( i ^ -c (£ a .* + 2 £ a j) 

t-l n 

(6.16) = (— m ' a a ) + ( — m a a) — c( ay + 2 ay) — a' + 5(i) 

a£H aGlI j=s j=t 

with m Q ,m' a E Z>o- By (|6.9p . we have 

c = (s^.x •••s / 3 1 (-a' + 5(i)),/3 r v ) € 1 + Z> . 
Therefore, by ()6.16j) . the weight sp m ■ ■ ■ sp 1 (—a' + 5(i)) is of the form 

t-l n 

s /3 m ■ ■ ■ spii-a' + 5(i)) = - y~] n a a - y~] ctj - 2 ^ ay - a' + 

j'=s j=i 

for some n a G Z>o- By (|6.3|) . this implies that 

n f— 1 n 

2 ctj = n Q a + a j + ^ 5^ ay + a'. 

j'=i aen j=s y=t 

Since s < t < i, we then have 

t— 1 n n 

= n Q a + a j + 2 5^ a j + ot — 2 aj 



aen j=s j=t j=i 

^t-1 , r«i-l 



(6.17) 



E a m n « a + E5=l «i + if i = i. 



This is a contradiction, because, as n Q G Z>o, (|6.17j) cannot be zero. Therefore no /3j in (J3\, . . . , /3 m ) 
is a root in A (3(11)). 

Next we suppose that there exists j3 r in (/?i, . . . ,j3 m ) with /3 r G A(g(l)). There are long roots 
and short roots in A(g(l)). We handle these cases separately. We first suppose that j3 T is a long 
root in A(g(l)). The long roots in A(g(l)) are £y ± e k for 1 < j < i and % + 1 < k < n. (See 
Appendix |Aj) The roots e 3 - ± e k may be expressed in terms of simple roots as 

n n i—l fc— 1 n—l 

ej + e k = ^ai + ^ai = ^ai + ai+ a/ + 2 a/ + 2a n 

l=j l=k l=j l=i+l l=k 

and 

n n i—l fc— 1 

Ej - e k = y y a.i -y^ai = y^ai + a.j + } j ati. 

l=j l=k l=j l=i+l 
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We show that if j3 r = Ej ± £ k then (sp r _ 1 ■ ■ ■ (—a' + 5(i)), /3 r v ) </ Z. Observe that since a n is the 
only short simple root, the coroot (sj + e k ) v can be expressed as 



(ej + Ek) 

i— 1 fe— 1 n— 1 

= ( E «z + Oj + E + 2 E q ; + 2a n ) 
Z=j i=i+l Z=fc 

E' 2a; 2a^ ^4 2ai ^4 2a; 2a r 

Hp, -Lp,||2 + || P , , p, 112 + Z> lip, +r ,.||2 + 2 Z> lip, _l p, 112 + Z 



■^||£j + £fc|| 2 Hej+e/cll 2 l Z^. 1 \\ £ j + £ k\\ 2 ^W £ j+ £ k\\ 2 \\ £ j + £ k\\* 



I 

i—1 fe— 1 n— 1 

= E a l + a i + E a l + 2 Y a ^ + a n- 

l=j l=i+l l=k 

Similarly, we have 



i-l jfc-1 



(Ej - e k ) v = E <*i + <4 + E a i / - 
i=j i=i+i 

Now observe that, as A« is the fundamental weight for ctj, for a € II, we have 



(6.18) 
Thus, 



(6(i), a v ) = <-(n - i - (l/2))A i + p, a v ) 

J — n + % + (3/2) if a = «j 
I 1 otherwise. 



{5(i),(e J+ e k ) v ) 



i—l fe— 1 n— 1 

= (^),5>r+«, v + E «i+ 2 E a '+ a «) 

i=j Z=i+1 l=k 

= E^W) + MM) + E WW) + 2 D*(0.«!'> + 

Z=j i=i+l Z=fc 

= (i - 1 - (i - 1)) + (-n + i + (3/2)) + (A; - 1 - *) + 2(n - 1 - (k - 1)) + 1 
= n-k + i-j + (3/2). 

Similarly, 

(<5(i), (e,- - £fc) v > = -n + k + i-j + (1/2). 
Hence, for j3 r = Ej ±£fc, we have (5(i),f3^) £ Z. Now, by (|6.14|) . we have 

' ' ' s /3i(-«' + *(*))> $0 = ((" E m «") " °' + > 

aen 

with m Q G Z. Since m Q , (a,/3^ }, (a',/3 r v ) G Z and {5(i),/3^) ^ Z, this shows that (s / g r _ 1 ■ ■ ■ s j g 1 (— a'+ 

Next we suppose that /3 r is a short root in A(g(l)). The short roots in A(g(l)) are Ej for 1 < j < i 
(see Appendix[A]). Thus f3 r is /3 r = £/ for some 1 < I < i. Since £; is of the form e\ = Y^=i a j-> 
forces that I = i; otherwise, sp m ■ ■ ■ s i a 1 (— a! + 5(i)) would have a contribution from some ctj € II 
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with 1 < j < i — 1. Thus j3 r = £j = 5^i=i a j- Since /3 r is a short root, the coroot (5^ = (^i=i a j) V 
can be expressed as 

n n „ „ rt-1 „ „ n-l 

oV / \ v a J tti i a 3 , a ™ o V , o V , V 

i=* j'=« j=»+i j=H-i 

It then follows from (|6,18p that 

n 

(5(i),^) = (_(„ - i - (1/2))* + P, (E V ) 

j=i 

n-l 

= (-(n - i - (1/2))* + p, 2a 4 v + 2 ]T a/ + <) 

n-l 

= 2<-(n-i-(l/2))*+ /0 ,a, v } + 2 £ (-(n - * - (1/2))* + p, a]) 

j=i+l 

+ {-{n-i-{l/2))\ l + p,al) 
= 2(-n + i + (3/2)) + 2(n - 1 - i) + 1 
= 2. 

Thus, by (|6.14p . we have 

aen 

(6.19) = (- ^m a a-a',/3 r v ) + 2 

with m Q G Z> . Thus, as /3 r = Y^]=i a v ^ d = (- Saen m a oi—a', /3/)+2 then • • • s /3l (-a'+<5(i)) 
is of the form 

n 

sp r ■■■spA-ot' + S(i)) = s Pr _ 1 ■■■sp 1 (-a' + S(i)) -d^atj. 

j=i 

By dEH) and ([BTTo]) . we have 

«/3m ■ ■ ■ S/3l (-«' + <5(0) = (- E m «°) + ■ ■ ■ (-«' + *(»)) 

n 

n 

= (— m^a) + (— "ia«) — a J — a ' + <K0 
aen aen j=i 

with m a ,m' a € Z>. Therefore, S/3 m • • • sp^—a' + £(i)) can be expressed as 

n 

s p m ■ ■ ■ s /3i(-a' + = - « ft a - (i^a,- - a' + <5(i) 

aen j=i 

for some n a € Z>o- By (|6.3p . this implies that 

n n 

(6.20) 2 E Q J = E n ° a + d E 

j=t aen j'=« 
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By comparing the coefficients of a.\ in the both sides, we have 
(6.21) n ai +d = 2. 

By 462} and (|fU9]) . we have d = (- J2 a& u m «« ~ «'> fir) + 2 £ 1 + Z> . Since n Qi e Z> , (IOTP 
forces that 

d = 2 or d = 1. 



If d = 2 then (|6T2TJ|) becomes 



Therefore, 



2 «j = n a a + 2 ay + a'. 

j=i agll j=i 



(6.22) ^n Q a + a' = 0, 

which is a contradiction, because as a' € II and k' a € Z>o, the left hand side of (|6.22p cannot be 
zero. If d = 1 then, since d = (— X^agn m « a ~~ a ' ' ■> Pr) + 2, we have 

(— ^2 ma® — a , 0^) + 2 = 1. 

Thus, 

(6.23) (^2m a a + a',py) = 1. 

ogn 

Observe that, as /3 r = E{ in the standard realization, if (a, (3^) ^ for a £ II then a must be 
a = £j_i — £i in II([) or a = e» — £j+i in II\n([). Since (ej_i — e^e/) = -2, (gj — e i+ i,eY) = 2, and 
a'en([), the left hand side of (^231) is 

(J2 m a a + a',py) = m ei _ x - e .{e i -. 1 - Ei,e)[) + m £t _ £t+1 (si - e i+ i,e^) + {a',e{) 
agn 

= -2m £i _ 1 _ £i + 2m £i _ Ei+1 - 2<5 a / iEi _ 1 _ Ei 

= 2(m £i _ £i+1 - m ei _^ ei - £ a ', e i_i- ei ) 5 

where (5 a ' j£i _ 1 _ ei is the Kronecker delta. As m e< _ e<+1 , m ei _ 1 - £i , and 5 a ' iei _ 1 - ei are integers, this 
shows that (X^ Q gn m o a + a ' ■> fir) ^ 1> which contradicts (|6.23p . Therefore, no [3 r in (/3i, . . . , /3 m ) is 
a short root in A(g(l)). Hence there is no link from —a' + 6(i) to —2 X^i=« Q i + ^W- '— ' 

Now we are going to show that the map 

<pn 2 : M q {-2e t - (n - i - (1/2)) A; + p) -> M q (-(n - i - (1/2)) A, + p) 

is standard. This is to show that, given highest weight vector vh for F(Q2\v(u+e )*)> the image 
l Pn 2 (^® v h) of 1 <g> Vh is a non-zero scalar multiple of v?st<i(l ® ^ft)) where ^(^IvOi+e )*) is the finite 
dimensional simple l-submodule of M q (— (n — i — (l/2))Aj + p) n induced by the f^lv (Ai+e 7 )* system, 
so that M q (-2 £i - (n - f - (l/2))Ai + p) = 8> ^(^Iv^)*)- 

Observe that, by the definition of (fn k , we have ipn 2 (l ® f/i) = ^ ' v h = ^h- On the other 
hand, if 1 ® i> + is a highest weight vector for M{— 2e{ — (n — i — (1/2)) Aj + p) with highest weight 
— 2Ei — (n — i — (l/2))Aj and if pr — >• M q (— (n — i — (1/2)) Aj + p) is the canonical projection map 
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then ipstdO- ® Vh) = (pr o <p)(l <g) v + ), where ip is an embedding of M(—2ei — (n — i — (l/2))Aj + p) 
into M(— (n — i — (l/2))Aj + p); in a diagram we have 

M{-2£i -{n-i- (l/2))Ai + p) ► M(-(n - i - (1/2))A, + p) 

pr' pr 

M q (-2si -(n-i- (l/2))Ai + p)^U M q (-(n - i - (1/2))A; + p), 

where pr' : M(—2s i - (n - i - (l/2))Aj + p) — s- M q (-2ej - (n - i - (l/2))Aj + p) is the canonical 
projection map. Note that, by Proposition 16.81 we have (pr o <p)(l ® w + ) = (p s ^(l ® 7^ 0. 
Therefore we wish to show that ^ is a non-zero scalar multiple of (pro<p)(l®i; + ). Since M q (— (n — 
i — (l/2))Aj + p) = U(fi) (g) C_( n _i_(x/2))A< as an t-module, we have 

(6-24) V h = U h © l_( n _i_(i/2))A < 

and 

(6.25) (pr o <p)(l ©<u + ) = u © l_( n _i_(i/2))A i 

for some u^, u £ £/(n)\{0}. Hence, to show that Vh is a non-zero scalar multiple of (pr o <p)(l © 
it suffices to show that u/j in (|6.24p is a non-zero scalar multiple of u in (|6.25|) . 

Observe that, as Vh = © 1— ( n — i— (i/2))A< i s a highest weight vector for the simple [-submodule 
F ^hW[p,+^)*) of U{n) © C_(„_ i _(i /2 ))A l +p, for all a G 11(1), we have X a ■ (u h © l_( n _j_ (1 / 2 ))A.) = 
0. Therefore &d(X a )(uh) = for all a G n([). On the other hand, it follows from (13.31) that 
F(J72|y(^+e 7 )*) is spanned by the elements of the form u © l_( n -i-(i/2))Ai with u G c(Sym 2 (n)). 
Since ^(^Iv^+e )*) nas highest weight — 2ej — (n — i — (l/2))Aj, this shows that Uh is an element 
in cr(Sym 2 (n)) with weight — 2s{. 

Definition 6.26. For u G U(n), we say that u satisfies Condition (H) if u satisfies following three 
conditions: 

(1) u G a{Sym 2 (n)), 

(2) u has weight —2£i, and 

(3) ad(X a )(u) = for all a G II(l). 

It follows from the observation made before Definition 16.261 that Uh £ U(n) in (I6.24p satisfies 
Condition (H). Our first goal is to show that any element in U(n) that satisfies Condition (H) is a 
scalar multiples of Uh- 

Lemma 6.27. For any f3 G A+(l) U A(j(tt)), we have 2ei - (3 <£. A+. 

Proof. This lemma follows from a direct observation. (See Appendix[A]for A + ([) = A + (l 7 )uA + ([ ra7 ) 
and A(j(n)).) □ 

We write u = © Qe A+ 0a f° r the nilradical of b = f) ©u and we denote by u the opposite nilradical 
of u. Note that, as n is the nilradical of the parabolic subalgebra q = [ © n, we have n C u. 
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Lemma 6.28. If u is in Sym 2 (u) with weight —2ei then u is of the form 

n 

AX \ + Yl BkX -(e l +e k ) X -(e l -e k ) 
k=i+l 

for some constants A and B k . In particular, we have u G Sym 2 (n). 
Proof. If u G o"(Sym 2 (u)) with weight — 2Ei then u is of the from 

U = Y c P X -0 X -2e l +/3 

for some constants cp, where the sum runs over the roots (3 G A + = A + ([) U A(g(l)) U A(3(n)) so 
that 2ei - (3 G A+. By LemmaE2Zl the roots /3 must be in A(g(l)). Thus if A 2£l (g(l)) = {P G 
A(g(l)) | 2ei - & G A} then 

/3GA 2ei ( (l)) 

By Appendix [AJ we have 

A(g(l)) = {ej ± e k | 1 < j < % and i + 1 < k < n} U {sj | 1 < j < i}. 

Thus, 

A 2£l (g(l)) = {P G A(g(l)) | 2si - p G A} = { £i ± e k \ i + 1 < k < n} U 
Therefore u is of the form 

U = Yl c X -P X -2e l +l3 
/3GA 2£i ( (l)) 

n n 

= C £l X 2 _ ei + c e l +e k X -(e l +e k ) X -(e l -e k ) + Y C ^k X -(e^e k ) X ~{e,+e k ) 

k=i+l k=i+l 
n 

= C £% X 2 _ £i + ^ {C £l+£k + C £r - £k )X_^ +£k) X_ [£i _ £k y 
k=i+l 

If A = c £i and B k = c £i+£k + c £i - £k then u can be expressed as 

n 

u = AX\ + £ B k X_ {£i+£k) X_ {£ ^ £k) . □ 

k=i+l 

Proposition 6.29. If u G ^/(n) satisfies Condition (H) then u is a scalar multiple ofuh- 

Proof. As Uh satisfies Condition (H), to prove this proposition, it suffices to show that any element 
u G U(n) that satisfies Condition (H) is a scalar multiple of 

n 

(6-30) U = X 2 £i + Y bjX-iei+ejX-te-ei)' 

j=i+l 

where 

n_1 N 

(6.31) bj = (-l) n - j b n Yl ^k + i,-(^k+i) 



for j = i + 1, . . . , n — 1 and 

(6.32) b n 



k =j X £ k -£ k +l-{£i+£ k ) 



2Ar Ew ,- e< 
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If u G U{n) satisfies Condition (H) then u G cr(Sym 2 (n)) C <r(Sym 2 (u)) and has weight — 2£j, 
where a : Sym(u) — > U{\x) is the symmetrization map for Sym(u). Thus it follows from Lemma [6.281 
that u is of the from 

n 

(6-33) u = AXi Ei + B k X_ (£i+£k) X HEi „ Ek) 

k=i+l 

for some constants A and B k . Now observe that, by the condition (3) in Definition 16.26} we have 
ad(X a )(u) = for all a G n([). Therefore, and e n are in for j = i + 1, . . . , n — 1, 

we have 

ad(X £ ._ £ . +1 )(u) = and ad(X £ J(w) = 
for j = i + 1, . . . , n — 1. By (|6.33j) . this means that for j = i + 1, . . . , n — 1, 

n 

ad(X £j _ £ . +1 )(AX 2 £i + ^ B fc X_ (£i+£fc) X_ (£s _ £fc) ) = 

fc=i+l 

and 

n 

a d(X £ J(AX 2 £i + B k X_ {Ei+£k) X_ {£i _ £k) )=0, 

k=i+l 

which are 

Bj ad(X £j _ £j+1 )(X_ (£i+£j) X_ (£i _ £j) ) + B j+1 ad(X £j _ £j+1 )(X_ (£i+£j+l) X_ (£i _ £j+l) ) = 

and 

A ad(X £ J(Xi £i ) + ,B n ad(X £ J(X_ (£i+£n) X_ (£i _ £n) ) = 0, 
respectively. By solving the system of linear equations, we obtain Bj = bjA for j = i + 1, . . . ,n 
with bj in (|6.3ip and (|6.32p . Therefore, by (|6.30p and f|6.33j) . we obtain u = Auq. □ 

By Proposition 16.291 to prove that ipn 2 hi A6.7|> is standard, it suffices to show that u in (16.251) 
satisfies Condition (H). As (pr o (p)(l g) v + ) = u ® l-( n -j-(i/2))A 4 is a highest weight vector with 
highest weight — 2ei — (n — i — (1/2)) Aj, one can easily see that u satisfies the conditions (2) and (3) 
in Definition 16.261 So we wish to show that u is in a (Sym 2 (n)). To do so we need to show several 
technical lemmas. 

Lemma 6.34. No polynomial in Sym r {n) for r > 3 has weight — 2ej. 

Proof. Observe that the simple root «q = oti has multiplicity > 1 in the roots (3 G A(n). Therefore 
a.i has multiplicity greater than or equal to r in the weights for any polynomials in Sym r (n). Since 
has multiplicity 2 in —2ei = —2 ^2j = i ctj, no polynomial in Sym r (fi) for r > 3 has weight — 2ej. □ 

Corollary 6.35. Any non-zero polynomials in Sym r (u) with weight — 2ej for r > 3 have contribu- 
tions from root vectors X_ a for a G A + ([). 

Proof. Since A(u) = A + (l) U A(n), this is an immediate consequence of Lemma 16.341 □ 
Lemma 6.36. // u G U(u) has weight —2e{ then 

n 

(6.37) u = AX\ + Y, B k X_ {£i+£k) X H£i _ £k) + £ u a X_ a 

k=i+l a€A+(l) 
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for some constants A and Bj., and some elements u a G U(u). 
Proof. If 

U r (u) = {u £ U(u) | u has degree at most r} 

then U(u) = [j ! ^L 1 U r (u) and U r+ \{u) /U r {u) = Sym r+1 (u). We show this lemma by induction on 
the degree r for U r (u). First observe that since — 2ej ^ A, the element u cannot be in U\(u) = u. 
Thus if u G U 2 (u) then u G Sym 2 (ii) = U 2 (u)/u. Thus, by Lemma EM if tt € U 2 (u) then 
u = AX^ £i + X]fc=i+i ^fc^-(£ l +efe)^-(e l -£fe) ^ or some constants ^4 and -Bfc. Now assume that this 
lemma holds for u G U r (u) for 3 < r < t, and suppose that u G Ut+\{u). By Corollary 16.351 an y 
polynomials in Ut+i(u) /Ut(u) = Sym* +1 (u) with weight — 2ei have contributions from root vectors 
in [. By permuting the root vectors, in Wt+i(u), those polynomials can be expressed as 

(some polynomial in Ut(u)) + 53 v a X- a 

a€A+(l) 

with some v a G Ut(u). Therefore the element u G Ut+i{\x) is of the form 

u = p+ v ax -* 

aeA+([) 

for some p, v a G Ut{u). By the induction hypothesis, the polynomial p G Ut{u) can be then expressed 
as 

n 

p = AX\ + £ B fc X_ fe+£fe) X_ (£i _ efe) + ^ «°X_ a 
fc=i+l a£A+([) 

for some constants A and and some elements u a G £^_i(u). If u a = u a + w a then u is of the 
form in (|6.37p . By induction, this lemma follows. □ 

Now we are ready to show that the map ipn 2 in (j6.7[) is standard. Recall that if l<g)v + is a highest 
weight vector for M{— 2ei — (n — i — (1/2)) Aj + p) with highest weight — 2Ei — (n — i— (1/2)) Aj and 
if pr : M(—{n — i — (l/2))Aj + p) — > Mq(—(n — i — (l/2))Aj + p) is the canonical projection map 
then (fstdO- ® V/i) = (pr ° y?)(l <8> f + ), where <p is an embedding of M(— 2ej — (n — i — (1/2))A, + p) 
into M(— (n — i — (l/2))Aj + p). By Proposition 16.81 we have (pr o tp)(l <g> v + ) = <p s td()- ® vh) ^ 0. 

Theorem 6.38. If q is the two-step nilpotent maximal parabolic subalgebra of type B n (i) for 3 < 
i < n — 1 then the map tpn 2 induced by the ^2|v(^+e )* system is standard. 

Proof. Observe that, as M(—{n — i — (1/2)) Aj + p) = U(u) ® C_( fl _£_n/2))A i j ^ ne vec tor <p(l (8) v + ) 
is of the form <p(l ® w + ) = u' ® l-(n-i-(i/2))Ai f° r some u' G W(u). Since <p(l <8) t> + ) has weight 
— 2e, — (n — i — (l/2))Aj, the element u' has weight — 2gj. Thus, by Lemma T6.361 we have 

n 

u' = AX\ + ^ B k X_ (£i+£k) X H£i _ Ek) + ^ u a X. a 

k=i+l «£A+(0 
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for some constants A and Bj., and some elements u a £ U(u). As A_ £i , X_^ £i+£k ^ and X_( £ ._ £fc ) 
are not in [, (f s tdO- ® v h) is given by 

<Pstd(l ® Vh) = (pr ° ¥>)(! <8> « + ) 



pr 



/ n 

(AA^ + £ B k X_ (£i+£k) X_ (£i _ £k) + £ </*A_ a ) is 1. 



(n-i-(l/2))Ai 



fc=i+l 



«ga+([) 



e k )) 1 -(n-i-(l/2))A l 



fc=2+l 



Write u = AX^_ £ _ + 5Zfe=i+i BkX-r £i+Ek )X_r E ._ £k \. Clearly u satisfies Condition (H). Thus, by 
Proposition 16.29] there exists a constant c so that u = cu^ with Uh in (|6,24p . By Proposition 16,81 
we have u ^ 0; thus c 7^ 0. Since <£f} 2 (l CED u/i) = Vh = Uh ® l-( n -j-(i/2))A 4 > we obtain 

^n 2 (l<S)%) = "ft ® l_( n _i_(i/2))A j = (l/c)^d(l ® v h ). □ 

In Table [5] below we summarize the classification on the maps <fia 2 . 



Table 5. The Homomorphism ifQ 2 for the Non-Heisenberg Case 



Parabolic subalgebra q 



B n {i), 3 < i < n 
B n {n - 1) 
B n (n) 
C„(i),2 <i<n 
D n (i), 3 < i < n 
E 6 (3) 
E 6 (5) 
E 7 (2) 
E 7 (6) 

E 8 (l) 
F 4 (4) 



ft 



2|y(^+^)* 



standard 
standard 
standard 

? 

non-standard 
non-standard 
non-standard 
non-standard 
non-standard 
non-standard 
standard 







2\V(p+e n - l )* 



non-standard 

? 

standard 
non-standard 
non-standard 
non-standard 

non-standard 



Appendix A. Miscellenious Data 

In this appendix we recall from [7] the miscellenious data for the two-step nilpotent maximal 
parabolic subalgebras q = l©g(l) ®3(n) of non-Heisenberg type shown in (|2.8p and (|2.9p in Section 
[2j For the definition for the deleted Dynkin diagram see Subsection 4.1 of [7J. 



]B n (i), 3 < i < n - 2 



A) The deleted Dynkin diagram: 



-<g O o > o 



ai a 2 aj a i+ i a n _i a r 

(2) The subgraph for L: 

o o o . . . o 

ai 012 03 oti-i 
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(3) The subgraph for 



O 



-0= 



a n -i a r 



We have a 7 = a 2 - The highest weight \i and the set of roots A(g(l)) for g(l) are \x = E\+Ei + \ and 
A(g(l)) = {sj±Ek I 1 < j < i and i+1 < k < n}U{ej | 1 < j < i}. The highest weight 7 and the set 
of roots A(j(n)) for 3(n) are 7 = £i+£2 and A (3(11)) = {Ej+Ek \ 1 < j < k < i}. The highest root £ 7 
and the set of positive roots A + (t 7 ) for l 7 are £ 7 = E\ — Si and A + (l 7 ) = {Ej — \ 1 < j < k < i}. 
The highest root £ n7 and the set of positive roots A + ([ n7 ) for [„ 7 are £ n7 = Ei + \ + Ei + 2 and 
A+([„ 7 ) = {Ej ± e k I i + 1 < j < k < n} U {Ej I i + 1 < j < n}. 

§B n (n-l) 

(1) The deleted Dynkin diagram: 

O O O ^ r> 

(2) The subgraph for l 7 : 

o o o o 

a\ a 2 «3 a«-2 

(3) The subgraph for l nj : 

o 



We have a 7 = The highest weight /x and the set of weights A(g(l)) for g(l) are /i = E\+E n and 
A(g(l)) = {£j±£ n j 1 < j < n— l}U{ej | 1 < j < n— 1}. The highest weight 7 and the set of weights 
g(3(n)) for 3(n)) are 7 = £1+62 and A(3(n)) = {£j+£k \ 1 < j < k < n — 1}. The highest root £ 7 and 
the set of positive roots A + (l 7 ) for l 7 are ^ 7 = ei — e n -i and A + (l 7 ) = {Ej — Ek | 1 < j < k < n — 1}. 
The highest root £„ 7 and the set of positive roots A + (l„ 7 ) for [„ 7 are £„ 7 = E n and A + ([„ 7 ) = {e u }. 

§B n (n) 

(1) The deleted Dynkin diagram: 

O O O ;< g) 

«1 «2 «n-l 

(2) The subgraph for l 7 : 

o o o o 

a\ a 2 «3 a-n-i 

(3) No subgraph for l„ 7 (l„ 7 = {0}) 

We have a 7 = 02- The highest weight [i and the set of weights A(g(l)) are fi = E\ and 
A(g(l)) = {Ej I 1 < j < n}. The highest weight 7 and the set of weights A(3(n)) for 3(n) are 
7 = E\ + £2 and A(3(n)) = {ej + Ek | 1 < j < k < n}. The highest root £ 7 and the set of positive 
roots for t 7 are £ 7 = E\ — E n and A + (l 7 ) = {Ej — Ek \ 1 < j < k < n}. 



§C n (i), 2<i<n-l 

(1) The deleted Dynkin diagram: 



O O ® O n . : n 

a\ a,i-i ai a i+ i a n -i ®n 
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(2) The subgraph for lyi 

(3) The subgraph for [„ 7 : 



O O- 



-O- 



OL\ Ol 2 «3 



O- 



OH+1 



— O 

OCi-l 



—O 4 o 



We have a 7 = a\. The highest weight \i and the set of weights A(g(l)) for g(l) are \i = E\ + £j+i 
and A(g(l)) = {sj ± e k | 1 < j < i and i + 1 < k < n}. The highest weight 7 and the set of weights 
A(a(n)) for 3(11) are 7 = 2ei A(3(n)) = {sj + e k | 1 < j < k < i} U {2ej | 1 < j < i}. The highest 
root £ 7 and the set of positive roots A + (l 7 ) for l 7 are £ 7 = £1 — £j and A + (l 7 ) = {ej — e k | 1 < 
j < k < i} The highest root £„ 7 and the set of positive roots A(l n7 ) for [„ 7 are £„ 7 = 2£j + i and 
A+([„ 7 ) = {Ej ± e k I i + 1 < j < k < n} U {2£j | z + 1 < j < n}. 



§D n (z), 3 < i < n — 3 



(1) The deleted Dynkin diagram: 



a n -i 



a O— 



-O- 



-O- 



Cti-l 



OLi 



OLi+l 



(2) The subgraph for l 7 : 




(3) The subgraph for I 



■nj- 




We have a 7 = The highest weight fi and the set of weights A(g(l)) for g(l) are fi = E\ + £«+i 
and A(g(l)) = {sj ±£fc | 1 < j < i and i + 1 < k < n}. The highest weight 7 and the set of weights 

{Ej +£fc|l<j<A;<i}. The highest root £ 7 and 



A(3(n)) for 3(n)) are 7 = £1 + e 2 and A(3(n)) 
the set of positive roots A + (L) for L are £ 7 



£1 — £{ and A + (l 7 



{£j 



The highest root £„ 7 and the set of positive roots A + ([„ 7 ) for l„ 7 are £ 
{ej ± £fc I i + 1 < j < k < n}. 



- £k I 1 < j < k < i}. 
£i+l + £i+2 A + ([„ 7 ) = 



§E 6 (3) 



(1) The deleted Dynkin diagram: 



«2 

o 



o_ 



«3 



-6— 

CH4 



-O— 

a 5 



-O 

a 6 
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(2) The subgraph for ly. 

o o o o 

Q 2 «4 «5 «6 

(3) The subgraph for [„ 7 : 

O 



We have a 7 = a 2 . The highest weight \i for g(l) is = a\ + a 2 + 03 + 2«4 + 2«5 + a.%. The 
highest weight 7 for %(n) is 7 = a>i + 2a 2 + 2a 3 + 3a4 + 2as + cxq. The highest root £ 7 for t 7 is 
£ 7 = Q 2 + 04 + 05 + u%. The highest root £„ 7 for l„ 7 is £„ 7 = a±. 



(1) The deleted Dynkin diagram: 



(2) The subgraph for l 7 : 



(3) The subgraph for [ 



717- 



ai 



-O- 



a 2 
o 



a 3 a 4 



o— 

Ql 



a 3 



«5 



«6 



Q4 



«2 



O 

«6 



We have a 7 = a 2 . The highest weight fi for g(l) is = ai + a 2 + 2a 3 + 20:4 + 0:5 + a@. The 
highest weight 7 for ^(n) is 7 = a\ + 2a 2 + 2a 3 + 3a4 + 2as + a$. The highest weight £ 7 for ly is 
^ 7 = Qi + a 2 + a 3 + «4. The highest weight £ n7 for [„ 7 is £„ 7 = «6- 



^1) The deleted Dynkin diagram: 



(2) The subgraph for l 7 : 



O- 



O- 



«3 



-O- 



a\ q 3 

(3) No subgraph for [ ni (l„ 7 = {0}) 



^E 7 (2) 



a 2 



-ji- 



«4 



-O- 



-O- 



«5 



-jO- 

«6 



J3l 



a 7 



-X) 



«4 05 «6 a 7 



We have a 7 = «i. The highest weight // for is ,u = a\ + q 2 + 2a 3 + 3«4 + 3as + 2olq + Q7. 
The highest weight 7 for j(n) is 7 = 2a\ + 2a 2 + 3a 3 + 4«4 + 3as + 2a$ + a.7. The highest root £ 7 
for Ly is £ 7 = ct\ + a 3 + 04 + 05 + cxq + 07. 



§E 7 (6) 
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(1) The deleted Dynkin diagram: 



(2) The subgraph for t 7 : 



(3) The subgraph for l nj : 




o 
a 7 



We have a 1 = a±. The highest weight \x for g(l) is [i = a\ + 2«2 + 2a% + 3«4 + 2a^ + «6 + «7- 
The highest weight 7 for ^(n) is 7 = 2a\ + 2«2 + 3a3 + 4«4 + 3as + 2a$ + a 7 . The highest root £ 7 
for ly is £ 7 = a\ + 02 + 203 + 204 + 05. The highest root £„ 7 for l„ 7 is £„ 7 = a 7 . 



§E 8 (1) 



(1) The deleted Dynkin diagram: 



012 
o 



-6- 



-O- 



-O- 



-O- 



-O 



(2) The subgraph for l 7 : 



a 3 a 4 a 5 a 6 



a 7 a% 



02 
p 



O- 



-O- 



-O- 



-O- 



«8 a 7 a 6 a 5 



CX4 



«3 



(3) No subgraph for l„ 7 (l„ 7 = {0}) 

We have a 7 = as- The highest weight fi for g(l) is /i = ai+3a2+3a3+5a4+4a5+3a6+2a7+as- 
The highest weight 7 for ^(n) is 7 = 2a\ + 3«2 + 4^3 + 604 + 5as + 4«6 + 3«7 + 2a%. The highest 
root £ 7 for ly is £ 7 = Q2 + 03 + 2a4 + 2as + 2a6 + 2«7 + as- 



5F 4 (4) 



[1) The deleted Dynkin diagram: 



(2) The subgraph for [ 7 : 



o O )Q - 



«i «2 «3 04 



(3) No subgraph for l„ 7 (l„ 7 = {0}) 



O O ; Q 

a\ «2 «3 
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We have a 7 = a\. The highest weight fi for g(l) is fx = a\ + 2q2 + 3a3 + 04. The highest weight 
7 for ^(n) is 7 = 2a\ + 3q2 + 4«3 + 204. The highest root for £ 7 for ly is £ 7 = a.\ + 2«2 + 2«3. 
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